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An analytical model of the push-out test was developed to predict the interfacial fracture
toughness of fiber-reinforced matrix composites. Elastic deformation, thermal residual
stress, Poisson effect, and energy dissipation due to interfacial friction are all accounted for
in the model based on a fracture mechanics approach and a general solution was derived
from the analysis. In addition, finite element analysis was performed to validate the analyti-
cal model. The results show that the predictions from the analytical model are in good
agreement with the finite element results and experimental data on SiC-reinforced Timet-
al834 composites. The effects of residual stress, the friction stress ,and the debonding crack
length on the interfacial fracture toughness were discussed for a better understanding of the
interfacial phenomena in push-out test. The analytical model could be applied to other
composite systems as well.

Keywords: metal matrix composites; shear lag model; interfacial fracture toughness
push-out

1. Introduction

Fiber-reinforced composites, such as SiC/Ti composites, are being considered as a potential
material system of choice for the advanced propulsion systems of aircrafts, owing to their
high specific strength and high toughness. One of the critical issues in the successful applica-
tion of the fiber-reinforced composites is the fiber/matrix interface that determines the
mechanical properties of the composites [1-4]. To date, much effort has been made to under-
stand the interfacial behaviors and evaluate the interfacial strength experimentally. Various
techniques, such as the pull-out test [5], the push-out test [6], and the fragmentation test [7],
have been developed to measure the interfacial properties. Among these techniques, the fiber
push-out test is one of the most popular methods as it is simple to perform and the specimens
are easy to prepare. In the push-out test, the values of shear strength and frictional shear
stress are evaluated by average. Since the stress distribution in push-out test is complex due
to edge effect or crack growth during the push-out test [8], the average values do not repre-
sent the real behavior of the interfaces and may mislead in some cases. It is, therefore, neces-
sary to carefully model the push-out process so as to interpret the unusual phenomena in the
push-out tests and further accurately extract the interfacial properties of the composites.
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Several analytical models have been developed to study the push-out test [9—13].
Basically, there are two approaches to determine the interfacial properties. One is the
maximum shear stress criterion that the debonding occurs when the interfacial shear stress
exceeds the interfacial shear strength. The other one is the interfacial fracture toughness crite-
rion based on the concept of fracture mechanics where the debonding region is considered as
an interfacial crack and its propagation is dependent on the energy balance in terms of the
interface fracture toughness. Although the former approach is relatively simple, the approach
based on fracture mechanics is increasingly being considered as a more appropriate quantita-
tive measure of the bond strength of the interface. Majumdar and Miracle [14] used the latter
approach to evaluate the interfacial fracture toughness of SiC/Ti composites, yielding a value
of about 30 J/m*. However, in their analysis, thermal strain energy and the strain energy dissi-
pated by friction stress were ignored. Kalton et al. [15] considered the strain energy dissipated
by friction stress in their model based on Majumdar’s work but the contribution of the ther-
mal strain energy to the interfacial fracture toughness was still missing. Since the thermal
stress in high-temperature composite materials is usually high, at the level of several hundred
mega Pascals [16], it is likely that the thermal stress significantly affects the stress distribution
during push-out test and further evaluation of the interfacial fracture toughness. Indeed, the
interfacial fracture toughness of Ti-6AL-4 V/Sigma-1240 predicted by Kalton et al. without
considering the thermal stress is 10J/m?, much smaller than the results from finite element
analysis [1,17].

In this paper, an analytical model has been developed to predict the interfacial fracture
toughness of fiber-reinforced composites, in which all possible sources that affect the
push-out process, including mechanical, thermal, friction dissipation, and the Poisson
effect are accounted for. A finite element model of the push-out test was also developed
to validate the analytical model. The models were applied to SiC/Timetal-834 composite
materials to predict the interfacial fracture toughness. It is shown that the interfacial frac-
ture toughness predicted by the analytical model is in good agreement with the results
from the finite element analysis and experimental data. This work provides a new insight
into the interfacial failure mechanisms and the role of the interface in determining the
mechanical properties.

2. The analytical model and solution for push-out test
2.1. The push-out model

The model considered in this study, schematically shown in Figure 1, is a unidirectional
fiber-reinforced composite consisting of a cylindrical fiber of radius 7y, length L, Young’s
modulus Ey, and Poisson ratio vy, embedded in a matrix material. A set of cylindrical coor-
dinates (r, 0, and z) is set so that the z-axis corresponds to the axis of the fiber and r is
the radial distance from the fiber axis. A compressive stress o, is applied to the top free
end (z=0) of the fiber, and the matrix is fixed at the bottom end z= L. We assume that the
stress in the fiber is independent of radial location. For high-temperature composite materi-
als, the matrix—fiber mismatch usually introduces high thermal residual stresses in the
matrix and the fibers. These residual stresses cause the nanotube/matrix interface debonding
close to the free surface of the composite specimens before push-out testing. To consider
this end effect, an initial crack with a crack length of aq is introduced in this model. Dur-
ing the push-out testing, the propagation of the interface crack («) is assumed to start only
from the supported end. After debonding, a constant frictional stress 7 is assumed along the
fiber/matrix interface.
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Figure 1. A fiber—matrix model of the push-out test.

2.2. Analytical solution to interfacial fracture toughness

From the concept of fracture mechanics, interfacial debonding occurs when the potential
energy change in the system with respect to the debonding crack extension a is equal to the
interfacial fracture toughness Gy, [9]

1 dU
Gre = 2nre da (1)
where, dU is the change in total strain energy stored in the specimen. Since the total strain
energy change dU is caused by thermal residual stress og [17,18], applied stress o, and
interface friction stress 7 [13,19], U can be decomposed into three parts: (i) the strain energy
Up due to the applied stress, (ii) the residual strain energy Ug due to thermal residual stress,
and (iii) the strain energy dissipated by friction stress Up. Thus, interfacial fracture toughness

can be rewritten as:
1 /dUp dUr dUr
Ge=—|—+———— 2
! 27Irf< da + da da) @

The strain energy can be obtained by integrating strain energy density (%as) over the vol-
ume of specimen. Since the strain energy change in matrix is small, it can be safely neglected
[15]. The total strain energy due to the applied stress Up in the specimen can be written as:

L1
Up:/ *Gfﬁde (3)
0o 2

where, g¢ and & are the axial stress and strain in the fiber, respectively.

In the push-out test, the specimen can be divided into five regions according to the axial
stress distribution in the fiber, as schematically shown in Figure 2. In Regions I and 'V, the inter-
faces are debonded, resulting in thermal residual stress redistribution and a constant frictional
stress. Regions II and IV are in front of the cracks, where the stress distribution changes abruptly
but it will not be affected significantly by the interfacial crack propagation. It is, therefore, rea-
sonable to assume that the strain energy is neglected in these small regions [14]. In Region III,
the axial stress in the fiber is constant while the frictional stress is zero. For Regions I and V, the
axial forces in the fiber are in equilibrium and can be described by
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Figure 2. Schematic representation of the axial stress in the fiber during push-out test.
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where, g¢(z) is the axial stress in the fiber at the axial position z. Integrating Equation (4)

over Region I, we have the axial stress o7 = gp — zr—:z. Similarly, the axial stress in Region V

— 2t
re

ap is the length of Region I and o7, is the axial thermal residual stress in the fiber. From
above analysis, the total strain energy Up can be expressed as:

is oy (L —z). In Region III, the axial stress in the fiber is oy = gp — 0%, — f—:ao, where

“] 51 b
Up :/ = O’](Z)S](Z) dV—|—/ = U][](Z)Em(z) dV+/ = O'v(Z)EV(Z) dv (5)
o 2 b 2 1-a2
For elastic deformation, the relationship between strain and stress is given by:
1 .
8?(7‘, Z) = E{O—i("? Z) + e [O-;‘r(hz) + GZ(VaZ)]} (6)

where, of. and of are radial and tangential thermal residual stress in the fiber, respectively
Assuming that the radial thermal residual is equal to the tangential thermal residual [20], i.e.
ot (z) = 6 (z), Bquation (6) can be rewritten as:

D) = - {6302) + 2w} r,2)} )

Substituting Equation (7) and d¥ = mr? dz into Equation (5), we have

Up = % " [01(2)” + 200, (2) % (r,2)]dz + f/j [o111(2) + 2va111 (2)ak (7, z)|dz
+ fLL,a [Jv(2)2 + 2vovy(z)ak (r, z)]dz

Differentiating Equation (8) with respect to crack length yields:

27ay : 27ay . 2ta\’ 4vta .
<Jp i 01&) +2”(<7p i 0 | 0f — - ) T 0 9)

dUp o TC}"%
da  2E;
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Similarly, the residual strain energy is expressed as follows:

L1 L1
U= [ aadr+ [ 5 oaar (10)
0 0

where, &, and &, are radial and axial residual strain in the fiber, respectively. The increase in
residual strain energy with crack length is expressed as:

dUR o TCV? 2 N2
a_z_Ef((o-?r) + (%)) (11)

The strain energy dissipated by interfacial frictional stress is analyzed as follows:

L
U = / —zefdV (12)
L—a 2
sf (z) in Equation (12) can be expressed as

4
é(2) = / CO—. (13)
L—a
where, Efinal — (O’p — i—f apg — U?r) X Ei‘_and Einitial — %(L — Z). Substituting Einitial and Efinal
into Equation (13) and integrating it, we have:

4@ =] (-0 ) x - Lo - @)

E; re T

Substituting Equation (14) into (12), we have the strain energy dissipated by interfacial
friction stress:

Uy = 2t LarKgp _M)_og)(z—L+a)+”'((L_z)2 - (a)z)}dz (15)

Ee Ji- e T

The change of elastic strain energy dissipated by friction stress with respect to the crack
length can then be written as:

dUr 2mret 2tay 2t ,
- - 7 - — 16
da Ef |:(GP e fr) a re “ ( )

Finally, using Equation (2), the interfacial fracture toughness is derived as:

7 Ta r Ta 2 iy 2 2
GIC = é[(op - 2"—fn + VO — O? - 2r'_f) +(1 - vz)(o—fr) + (O-?r) :| (17)

In Equation (17), terms o¢f,,0%, and 2% are the contributions of thermal stress through
different mechanisms. Therefore, the thermal residual stress should play a significant role in
determining the interfacial fracture toughness. It should be noted that although the Equation
(17) is obtained under the condition that the interfacial crack propagates from the bottom to
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top ends of the sample, it is nearly identical to the solution when the crack propagates from
the bottom to top ends. Thus, Equation (17) can be generally applied to push-out test for esti-
mation of interfacial toughness.

2.3. Finite element model

A finite element model is developed to determine the interfacial fracture toughness and vali-
date the analytical solution described above. The finite element model is an axisymmetric
cylindrical model, as shown in Figure 3(a), consisting of a SiC fiber with a radius of
r¢=0.07mm and a height of L=0.5mm, and Ti-metal matrix (Timetal-834) with a radius of
rm=0.112mm. The fiber and the matrix are constructed by isoparametric four-noded quadri-
lateral elements while the interface is modeled with contact—friction element and spring ele-
ment, as shown in Figure 3(b). The SiC fiber is treated as a perfectly isotropic elastic
material and the matrix is assumed to be a rate-independent elastic—plastic material. The prop-
erty’s dependency on temperature is also included in the analysis and the thermo-mechanical
properties of the fiber and the matrix are listed in Table 1.

The finite element analysis consists of two steps: (1) Modeling the cooling of the metal
matrix composites and (2) modeling the push-out test process. When metal matrix composite
is cooled from high temperature to room temperature, thermal residual stress is induced due
to the mismatch of the coefficient of thermal expansion. In finite element analysis, this cool-
ing process is modeled using thermal load, and a reference temperature (7,.r) is assumed
above which the composites are stress free. The boundary conditions are:

Im

ff'

Nodes

B 2

(a) (b)

Figure 3. (a) Axisymmetric finite element model and (b) details of spring model of the interface.

Table 1. Thermo-elastic parameters of SiC and Timetal used in finite element analysis.

Material T (°C) E (GPa) v a (x1076°C)

Timetal-834 28 115 0.3 11.24
300 96.4 0.3 11.24
530 84 0.3 11.24

SiC All temperature 469 0.17 4.0
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U (L/2,r) = uy(L/2,r) =0 (18)

u'(0,2) =0 (19)

where, 4 is the axial displacement of matrix, u!, the axial displacement of fiber, and u' the
radial displacement. In addition, the free end surface of the model can be simulated via
removing the existing tying constraint and spring elements [1,21-23]. Two interfacial cracks
with a length of 0.0125 mm are introduced at the two ends of the model.

For push-out test, the prescribing displacement is applied to the top end of the fiber to
push the fiber out completely. A special subroutine is designed to control the interfacial
failure. The interface failure process is based on strain energy failure criterion given by:

G > G (20)

where, G is the energy release rate of the interface crack. When the strain energy release rate
of the interface crack (G) exceeds the critical value, the spring stiffness is reduced to zero
and the debonding is initiated. Once the interfacial debonding occurs, the frictional sliding is
introduced at the debonding interface. The frictional sliding behavior of the interface is
described by the Coulomb’s law:

T = o, (21)

where, u the coefficient of friction. In the push-out simulation, the bottom end of the matrix
(z=0) is fixed:

ua,r) =0 (R <r<Ry) (22)

3. Results and discussion
3.1. Effect of thermal stress and frictional dissipation

Figure 4 shows the energy release rate of SiC/Timetal-834 as a function of residual stress,
predicted by the finite element analysis and various analytical solutions with and without

130

120 —o—WithoutU, and U,
110 ( Majurndar)

100 g —o—Finite element analysis

90 S~
L 8\\[]
[ V\\g;\\\\‘
gg s \ \u
201 _A—Equation(17) \Vﬂ---h,_

10} —o—without U, (Kalton) v

Strain energy release rate, G(J/m°)
[=2]
o

400 500 600 700 800 900
Residual stress (MPa)

Figure 4. Energy release rate as a function of residual stress, predicted by finite element analysis and
analytical solutions in the literature [14,15] and current work.
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considering residual stress (Ugr) and energy dissipation by friction (U,). With increase in the
residual stress, the strain energy release rate predicted by finite element analysis decreases but
slows down at higher residual stress. The predictions from Equation (17) well agree with the
finite element results. If the thermal strain energy Ugr and the strain energy dissipated by
friction stress Ur were ignored, as shown by Majumdar and Miracle for simple solution [14],
the solution predicts a linear relationship between the energy release rate reduction and the
residual stress. The solution without considering the residual stress energy severely underesti-
mates the strain energy release rate. These results show that the residual stresses, the thermal
strain energy dissipation by friction, and the Poisson expansion coefficient are essential
factors that need to be considered in analyzing the push-out test. These factors are accounted
for in our solution (Equation 17).

Our solution can also explain the effect of temperature on the critical applied stress. In
the push-out test of SiC fiber-reinforced titanium matrix composites, reported by Eldridge
[24] and Kalton [15], the critical applied stress increases initially as the temperature rises but
it decreases with further increasing the temperature. Such an initial increase in the critical
applied stress is attributed to the compensation for the reduced thermal strain energy release
rate. We have calculated the strain energy release rate due to thermal residual stress (dUr/da)
and the interface friction stress (dUg/da) by using Equation (16). In the calculation, the resid-
ual stresses versus temperature were determined by the finite element analysis, as shown in
Figure 5. The energy release rate as a function of temperature is shown in Figure 6. It can be
seen that below 200°C, the decrease of thermal strain energy release rate is about 20 J/m?,
while the strain energy release rate consumed by friction stress is almost constant. Since the
change of interfacial fracture toughness is small below 200 °C, according to Equation (2), the
higher critical applied stress is required to offset the decrease of thermal strain energy release
rate. When the temperature is above 200 °C, the decrease in thermal strain energy release rate
is slowed down (only 0.04 J/m? °C) while the strain energy release rate dissipated by friction
stress decreases quickly. As a result, a relatively low applied stress can drive the interfacial
crack growth. Therefore, for titanium matrix composites, thermal strain energy release rate is
an important factor for the critical applied stress in push-out test in the range of 28-200 °C
while above 200 °C, the energy release rate dissipated by friction stress is a key factor for the
critical applied stress.

The debonding length a, at which the applied load reaches the maximum load, may have
significant effect on the interfacial energy release rate in the push-out test. According to

1000
goo O —0— Axial residual stress

= \D —O— Radial residual stress
& soof
2 00| \
& (u]
9 eoo \n
f—
© 500G
S a0} \n
=2 O \
@ 300 | o
@ —_— o
& 200 f o“-—~___o
—
100 ——0
0 100 200 300 400 500

Temperature (°C)

Figure 5. Axial and radial residual stresses as the function of temperature.
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Figure 6. Strain energy release rate as a function of temperature.

Equation (17), the interfacial energy release rate of composites decreases with increasing a.
Figure 7 shows the interfacial energy release rate of SiC/Timetal-834 with different debonding
lengths, estimated by Equation (17). The interfacial energy release rate decreases at a rate of
about 8-10J/m? per 0.01 mm increase in the debonding length. Liu and Kagawa also showed
that the interfacial energy release rate of ceramic matrix composites decreases with increasing
the debonding length using the Lamé solution [25]. Therefore, estimation of the debonding
length is important to accurately evaluate the interfacial fracture toughness.

3.2. Compression with FE and experimental results

Interfacial fracture toughness was calculated with the analytical solution (Equation (17)) and
compared with finite element analysis on SiC fiber-reinforced Timetal-834. To make a com-
parison, the parameters required by the analytical solution, such as o}, 6%, a, and 7, were also
determined by the finite element analysis. Figure 8 shows the distribution of axial residual
stress and radial residual stress in the fiber of SiC/Timetal-834, which gives an axial residual
stress of o, = 914MPa and a radial residual stress of of = 330 MPa. According to experi-
mental results on SiC fiber-reinforced timetal-834 [1], the coefficient of friction is ©=0.4,
yielding an interface frictional stress of z=132MPa. A crack length of a=0.15mm at

o
L4}

sol ™

75t \.
70t \.
65| \
60 |

56 | [ ]

—8— s p=2114MPa

50} u
as | u
L L L L L L L L L

0.02 0.04 0.06 0.08 0.10 0.12 0.140.16 0.18 0.20
The debonding length, a(mm)

Strain energy release rate, G(J/im?)

Figure 7. Strain energy release rate as a function of the debonding length.
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Figure 8. The distribution of residual stress in the fiber along the axial coordinate.

maximum applied load was also reported [1]. These parameters used the analysis that are
summarized and listed in Table 2. Using these parameters, the interfacial fracture toughness
of SiC fiber-reinforced Timetal-834 was calculated to be about 46.21 J/m?.

Next, interfacial fracture toughness was directly computed by using the finite element
analysis. Using the same parameters listed in Table 2, we obtain the critical energy release
rate to be 50 J/m?, very close the analytical results. This result is consistent with the finite ele-
ment analysis for SCS-6/Timetal-21 made by Mukherjee and Miracle [17]. In their analysis,
an interfacial energy release rate of 54 J/m® was reported. It should be noted that the load—dis-
placement curves predicted by our finite element analysis are also in good agreement with the
experiment results, as shown in Figure 9. In addition, our analytical and numerical analyses

Table 2. Parameters used to examine predictions of the analytical model.

Er (GPa) e (Um) of. (MPa) a}. (MPa) 7 (MPa) o, (MPa) a (um) ay (um)
469 70 914 330 132 2014 12.5 150

—a— 390im°

—o— 43.5Jim*

—h— 504im”
E‘ —w¥— Experimental curve
§ __—_’:—’E'E’E.
A

0.000 0.002 0.004 0006 0.008 0.010
Displacement (mm)

Figure 9. The load—displacement curves of push-out test by finite element method and experiment [1]

(=0.4).
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show that the thermal residual stress plays an essential role in determining the interfacial frac-
ture toughness. Without considering the thermal stress, the interfacial strain energy release
rate predicted by the analytical solution is 11J/m?, while the thermal strain energy release rate
is 35J/m”. This indicates that most of the energy contribution to the failure process comes
from the residual stress [15,17]. The analytical model does predict the importance of the
thermal stress in determining the interfacial fracture toughness.

4. Conclusions

An analytical model was developed to predict the interfacial fracture toughness of fiber-rein-
forced matrix composites in push-out test. Thermal residual stress, Poisson effect, frictional
force, and interfacial friction energy dissipation are all considered in the analytical model.
Finite element models are also developed to validate the analytical solution. The interfacial
fracture toughness of SiC/Timetal-834 predicted by the analytical model is 46.7 J/m?, very
close to the finite element predictions and experimental results. The analytical results also
show a high thermal strain energy release rate of 35J/m% about 75% of the interfacial frac-
ture toughness, suggesting that most of the energy contribution to the failure process comes
from the residual stress in SiC/Timetal-834 composites. The analytical model successfully
explains the unusual phenomena in high-temperature push-out tests on SiC fiber-reinforced
titanium matrix composites, in which the critical applied stress initially increases, and then
decreases with increasing temperature.
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